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Abstract

The superposition method is introduced as a means for obtaining analytical-type solutions for free in-
plane vibration of rectangular plates. The governing differential equations and boundary conditions are
expressed in dimensionless form. The problem of free in-plane vibration of the completely free rectangular
plate is resolved for illustrative purposes. Convergence is found to be rapid and excellent agreement
between computed results and those obtained by previous authors utilizing the Rayleigh—Ritz energy
method is obtained. It is pointed out that following procedures analogous to those utilized in resolving
lateral plate vibration problems, in-plane free vibration problems related to point supported plates, plates
with in-plane elastic boundary support, etc., are now amenable to solution by this method.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

A vast array of technical papers related to the free lateral vibration of rectangular plates has
been available in the literature for a number of years. Each year further technical papers related to
this subject matter appear in the technical journals.

The situation with regard to free in-plane vibration of these plates is quite different. Here, it is
recognized that the results of only a minuscule number of studies have been published. A number
of these are to be found listed in Ref. [1]. It is generally agreed that this discrepancy is due to the
fact that natural frequencies of plates in lateral vibration are invariably much lower than those of
plates in in-plane vibration. The lateral vibration modes are therefore much more likely to be
excited by the time-varying forces normally available to provide this excitation.
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In more recent studies, particularly those related to ship hull design, it is found that a strong
relationship between plate in-plane vibration and high-frequency noise can exist. This has led to a
renewed interest in the phenomenon of rectangular plate in-plane vibration. It should also be
pointed out that plates subjected to fluid turbulent boundary layers can, in fact, be excited in both
in-plane and transverse vibration modes. It is found, furthermore, that due to the nature of the
in-plane problem and its elevated natural frequencies, the analysis of such problems by the finite
element method becomes difficult.

For these reasons it has been decided to explore the applicability of the superposition method as
a means for analyzing rectangular plate in-plane free vibration problems. This method, which has
found such wide application in analysis of plate lateral free vibration, is introduced here as a
powerful means of obtaining analytical-type solutions for the in-plane problem. Among its
advantages are the fact that no mode shapes need be selected, as is the case for the Rayleigh—Ritz
energy approach. The governing differential equations are satisfied exactly throughout the
domain of the plate. Boundary conditions are satisfied to any desired degree of accuracy.

For development of the analytical technique, and illustration of its capabilities, attention is
focused on the classical problem of free in-plane vibration of the completely free rectangular plate.
Exact solutions are known to exist for plates with what are defined as simply supported edge
conditions.

It will become apparent to the reader that, in fact, this self-contained method not only works
extremely well for the completely free plate problem but it is ideally suited for handling plates with
various combinations of boundary conditions, fixed point supports, etc. Computed results will be
compared with those of Badell et al. [1]. They have examined the in-plane free vibration of plates
with classical edge conditions by means of the Rayleigh—Ritz approach. They have employed what
are described as ‘an ascending hierarchy of K-orthogonal polynomials in conjunction with
Hermite cubics’ to represent plate in-plane displacement.

Kobayshi et al. [2] have examined the problem of in-plane vibration of rectangular plates with
point supports. Plate deflections were expressed in series utilizing the product of power functions
and the Ritz method was employed to obtain a solution. Gutierrez and Laura [3] examined in-
plane free vibration of rectangular plates with in-plane elastic support at the boundaries. They
used an extension of the method employed by Mikhlin to obtain the lowest frequency of
completely free plate vibration. What is described as ‘an approximate solution” was obtained by
the Ritz approach.

It may be appropriate to repeat here that, in what is to follow, the challenge of trying to select
appropriate functions to represent plate displacements is completely eliminated.

2. Mathematical procedure

Utilizing conventional notation the well-known dynamic equilibrium equations governing the
in-plane vibration of a rectangular plate are written as

00y Oty @
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and
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where p is the density of the plate material, u, and v, represent motion in the x and y directions,
respectively, and ¢ represents time.

The stresses are written as

Ux=A11%+A122—;, Jy:A12%+A222—;9 Txy:Aéé{s_Z"‘g_z}a
where A]] = A22 = E/(l — Vz), A12 = VE/(l — Vz), and A66 = ny.
Here v and E are the material Poisson ratio, and Young’s modulus, respectively, and Gy, is the
modulus of elasticity is shear.
Utilizing the above stress—displacement relationships and substituting in the equilibrium
equations (1) and (2) we obtain

u % v du u
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This is an alternative form of the equilibrium equations and the one that will be utilized here.

Consider a plate with edge length ‘@’ running in the x direction and edge length ‘b’ running in
the y direction (see Fig. 1). In order to develop the equilibrium equations in dimensionless form
we will divide the plate in-plane displacements u, and v, by edge length ‘@’, and denote the
dimensionless displacements by the symbols U and V, respectively (Fig. 1) . We also introduce the
dimensionless co-ordinates ¢ = x/a, and n = y/b. The variables U and V represent amplitude of
harmonic motions of circular frequency w. Substituting the above dimensionless quantities in
Egs. (3) and (4) it is then readily shown that these equations may be expressed in dimensionless
form as

82U ain an 6166{52V lazU} 4
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Fig. 1. Schematic representation of completely free rectangular plate to be analyzed.
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and
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where ¢ equals the plate aspect ratio, b/a, and the dimensionless frequency is )2 where 12 =
a)a\/p(l —v?)/E. The quantities a;; = 1, aj» = v, and ags = (1 — v)/2.

The dimensionless equilibrium equations (5) and (6) are utilized in all work reported here.

It is appropriate at this time to introduce dimensionless stresses, g5, o%, and 7%,. Beginning with
expressions provided for stresses earlier we have

o, = vk @—l— E o or 7@(1—@)_\}%_’_@
Tl —=v2ox 1 —120y E - Oox Oy
and
. o(1—1?) . oU 1oV
= =vV—"4—-—— 7
"TE DTV gy @
Similarly, we obtain
o1 =177 « O0U voV
=T o =k ®)

Rearranging the expression provided for 7., we have
Ty OV n 10U
Aes  0¢ ¢ on
Then we set
oU oV
‘L'j:y = T d or ij ==+ 0=
Aso on o¢
We are now in a position to begin the in-plane vibration analysis of rectangular plates. We wish
at this time to focus attention on the completely free plate. Such a plate is depicted in Fig. 2 where

the reference axes coincide with the plate central axes. In fact, it will become apparent that we
need only focus attention on the quarter plate bounded by the &- and gy-axis. For our plate

©)

Y

Fig. 2. The completely free plate with central co-ordinate axes.
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dimensions «a, and b, referred to earlier, we will utilize the dimensions of the quarter plate as
indicated in the figure.

It will be appreciated that a certain amount of symmetry, or anti-symmetry, of plate in-plane
displacements about the plate central axes is to be expected for each plate free vibration mode
shape. We choose to define a free vibration mode as being symmetric about an axis if
displacement normal to this axis has a symmetric distribution about it.

Referring to the £-axis of the quarter plate it is to be anticipated that for any free vibration
mode, displacement normal to this axis, i.e., displacement V, will either be symmetrically, or anti-
symmetrically, distributed about this axis. In the case of a symmetric distribution we will have,
oV /on = 0, along the ¢-axis. Conversely, if we have an anti-symmetric distribution we will have,
V' =0, along the same axis.

It will be appreciated that completely analogous constraints on the displacement U can be
written with regard to the n-axis.

For the completely free plate we need only analyze the quarter plate of Fig. 2, provided all
possible modes are analyzed. We define those mode families as follows:

Symmetric—symmetric modes. Displacement normal to each axis of the quarter plate will be
symmetrically distributed with respect to these axes.

Anti-symmetric—anti-symmetric modes: Displacement normal to each of the above axes will be
anti-symmetrically distributed with respect to these axes.

Symmetric—anti-symmetric modes: Displacement normal to the &-axis will be symmetrically
distributed with respect to this axis while displacement normal to the gp-axis will be anti-
symmetrically distributed with respect to this axis.

In the work to follow each of the above families of modes will be analyzed separately and will
be referred to utilizing the designations introduced above. In this way all of the in-plane vibration
modes of the completely free plate will be established. Furthermore, the three characteristic mode
families will be clearly separated out. This constitutes a continuation of a similar approach which
was introduced for the lateral free vibration analysis of the completely free plate [4].

We are now in a position to begin analysis of the three in-plane free vibration mode families
discussed above.

2.1. The symmetric—symmetric mode family

Consider the quarter plate as shown on the left hand side of Fig. 3. Pairs of small circles
adjacent to the edges, ¢ = 0, and n = 0, indicate that conditions of symmetry, as discussed above,
are to be satisfied along these edges. The other edges of the quarter plate are free of surface
tractions.

In the procedure to follow it will be shown how a solution for the free in-plane vibration modes
and frequencies of the quarter plate is obtained by first superimposing the two edge driven
in-plane forced vibration problems (building blocks) shown schematically to the right of the
figure. In a manner completely analogous to that followed in the analysis of lateral free vibration
of the same plate, free vibration eigenvalues are obtained by constraining Fourier driving
coefficients appearing in the distributed edge-driving forces. These coefficients are constrained so
as to insure that boundary conditions required of the superimposed set are satisfied.
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Fig. 3. Schematic representation of quarter plate under study and building blocks utilized in symmetric-symmetric
mode analysis. Adjacent short arrows indicate amplitude of distributed in-plane forces acting on driven edges.

Consider now the first building block on the right hand side of the figure. Conditions of zero
in-plane shear stress are to be enforced along the edges, £ = 1, and # = 1. A distributed harmonic
driving force is to be imposed along the edge, n = 1.

We take the solution for the amplitude of harmonic displacements of this building block as
follows:

UEm = 3 Unleosm— 1) (10)
m=1,2
and
VEm =3 Vatnsin@m - . (1
m=1

This is a Levy-type solution. The prescribed boundary conditions are satisfied along edges at
the extremities of the Fourier trigonometric functions, as required of all Levy-type solutions. It
will be noted that since the quantity U(&,#n) equals zero along the edge, ¢ = 1, the quantity
oU(¢&,n)/on will also equal zero, as does the quantity 0V (£, n)/0&. Shear forces along this edge are
therefore zero (Eq. (9)).

Substituting Egs. (10) and (11) into the equilibrium equations (5) and (6), it is readily shown
that we obtain

a1 Upy () + byt V(1) + Gt Upa(i) = 0 (12)
and
ap2 V(1) + b2 U, (0) + ¢ V(i) = 0, (13)
where superscripts imply differentiation with respect to the variable  and
) = %, ml = ?(012 +ae6), Ot = —anemps+ i, apy = a_121’
byr = %;np (a6 + a12),  Cuo = —agsemps + 1.

Here, in the interest of brevity, symbols ‘emp’ and ‘emps’ are introduced to represent quantities
(2m — 1)n/2, and {(2m — 1)m/2}?, respectively.
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The quantities U} (7), and Ulll(n), may be expressed in terms of the parameter V,,(17) and its
derivatives, by means of Eq. (13). Turning to Eq. (12), differentiating it once with respect to #, and
then replacing the quantities U! () and Ulll(y) with the above expressions, we obtain the following
fourth order homogeneous differential equation involving the quantity V,,(n) only:

Vi) + bV, ) + ¢Vinlig) = 0, (14)
where
b = (am1Cm2 — bt b + Con1 @) [ A1 i
and
€ = Cml Cn2/ Am1 G-

Focusing on the differential equation (14) and denoting the square of the roots of the
characteristic equation associated with it as 2, we may write

(&%) + be> + ¢ = 0. (15)
The roots for &2, denoted as ¢} and &3, become

8%:—b+\/2b2—4c, 2_—b—\/b2—4c.

82— 2

It is found in all the work reported here that the quantity b> — 4c¢ is positive. This means that the
quantities ¢} and ¢} are real, though they may be positive or negative. We denote these quantities
as Rootl, and Root2, respectively. We also introduce the quantities f3,, = \/ |Root1| and y,, =
\/ |Rootr2|. Three forms of solution for Eq. (14) are therefore possible, as follows:

Solution 1: Root1 >0, Root2<0; then

Vin(n) = Ay, sinh B,n + By, cosh f,,(17) + Cpy siny,,,(n) + Dy, €OS y,,,1, (16)

where A4,,, B, etc., are constants to be determined.
Solution 2: Root1 <0, Root2<0

Vin(1) = Ay sin B, + By, cos f,(n) + Gy siny,,11 + Dy, €OS 1. (17)
Solution 3: Root1 =0, Root2>=0
Vin(n) = A, sinh f,,n + B, cosh B,,n + C,, sinh y,,n + D,, cosh y,,n. (18)

We return now to obtaining the forced vibration response of the first building block of Fig. 3.
We will provide expressions for the response associated with each of the above solution forms
separately.

Case 1: Solution 1 applicable. In view of the symmetry in the distribution of the displacement
V(&,n) with respect to the & axis, we write

Vm(n) = Bm cosh ﬁmn + Dm COS VM. (19)

It will be noted that terms in the quantity V;,(y), anti-symmetric with respect to the &-axis, have
been deleted.

We next focus on the quantity U,,(y). Utilizing Eq. (12) we can express U,,(y7) in terms of Ul (1)
and V! (). But Eq. (13) permits us to express Ul (n) in terms of Vll(y) and V] (). Combining
these two relationships we are able to express the quantity U,,(n) in terms of the derivatives of the
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quantity V,,(n). Utilizing Eq. (19) we then obtain
Un(n) = By, sinh f,,n + Dy, siny,,n, (20)
where
0o = B Lt @2 By + it Gz — byt B} / ot b
and
O = VoAt A2 Vg — At Con2 + Dt B2}/ €t Co.

Note that the quantity U,,(y) will have a distribution which is anti-symmetric with respect to the
E-axis.

It will be recalled that the driven edge of the building block is free of in-plane shear stress. We
therefore enforce the edge condition (Eq. (9))

6Uan;7(11) +é GV(%(H) . 0. 1)
Enforcing this boundary condition to evaluate the coefficient D,, we obtain
Vin(n) = By icosh f,n + 01, cos y,n} (22)
and
Un(n) = By ioom sinh f,,1 + 01m0am Sin 15, (23)
where

0 o _{a2mﬁ;n + d) emp} cosh ﬁm
Im — .
{O€4mym + ¢ emp} COS Yy,

Finally, we must enforce the condition of dynamic equilibrium along the edge, n = 1, where the
distributed in-plane harmonic driving force is imposed.

Let the spatial distribution of the amplitude of the imposed normal stress be represented in
series form as

oy = Z E,, sinemp &. (24)
m=1,2
Substituting Egs. (22) and (23) into Eq. (7), and utilizing the equality expressed by Eq. (24), the
unknown coefficient B,, is readily expressed in terms of the driving coefficient, E,,, for any value
of m.
This permits us to write the quantities V,,(y), and U, (n) as

Vin(n) = Epnbiim{cosh f,n + 01, cos y,y} (25)
and
Un() = Enb1im{oom sinh f,1 + 010 siny,,n3, (26)
where
1

0 m — . . .
! {[ﬁm/qb —vemp ‘x2m]81nh ﬁm - 91,,1['))”,/915 + vemp OC4m]SIH ym}
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Referring to Egs. (10) and (11), it is seen that we now have available the building block response
to any harmonic normal stress imposed along its driven edge, provided Solution 1 is applicable. It
will be appreciated that an identical procedure will be followed in order to obtain expressions for
the response when either of the other two solution forms are applicable. There is no need to give a
detailed description of these procedures here. Only the expressions required to describe the
building block response associated with each of these two solution forms will be provided. Only
the quantities U,,(n) and V,,(n) of Egs. (10) and (11) will be different.

Case 2: Solution 2 applicable

Vi) = EnO11m{cos B, + 01 cos 1} (27)
and
Un(n) = E,011m{00m sin B, + 01,04, Siny,,n0}, (28)
where
-1

0 m = B . )
W B/ b + v emp a2 ]Sin By + Ouldy/ & + v emp aasin y,,}

_(OQmﬁm + ¢ emp)cos ﬁm
(O‘4me + ¢ emp)cos '))m ’

le =

2
Oom = ﬁm{amlanﬁﬂm — AmiCm2 + bn1lbm2}/cmlbm2:

2
Ogm = Vm{amlamzym — a1 Cm2 + bmlbm2}/cmlbm2-

Case 3: Solution 3 applicable

Viu(n) = Ep011{cosh p,,n + 01, coshy,.n} (29)
and
Un(n) = Epn011m{02m sinh S, (1) + 01,04, sinh y,,n}, (30)
where
1

O011m = - _ - X
W B/ b — vemp azlsinh B, + O1ply/d — v emp aaplsinh .}

_[OCZmﬁm + ¢ €Wlp]COSh ﬁm

01 = ,
o [O‘4inyn1 + ¢ emp]COSh Vm

2
oom = ﬂm[amlanﬂﬂm + A1 — bmlme]/leme;

2
Ogm = ym[amlanﬂym + Am1Cm2 — bmlbn12]/cmlbm2~

The entire solution is therefore available for the response of the first building block of Fig. 3.

We turn next to obtaining the solution of the second building block. It differs from the first only
in that it is driven along the edge, £ = 1, and a condition of zero shear stress is imposed along the
edge, n = 1. It will be apparent that the solution for the response of this second building block is
readily extracted from that of the first. In order to avoid confusion the symbol ‘»n’ rather than ‘m’
is now utilized in designating the terms in the series summations.
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We still wish to use the symbols U and V' to indicate displacement parallel to the ¢- and #-axis,
respectively. After interchange of the variables £ and #, we write for the response of this building
block (see Egs. (10) and (11))

o0

UEm =Y Uesinn— 3 (31)
n=1,2
and
VEn =3 V@eosn - )2 (32
n=1,2

Before extracting solutions for U,(£) and V,(£) from the earlier solutions it will be apparent to
the reader that we must proceed as follows:

1. Replace temporarily the earlier quantity 2> by 4> (b /a).

2. Replace the earlier symbols a,,1, a,p, etc., appearing after Eqs. (12) and (13) with corresponding
symbols a1, a,, etc., and the symbols emp and emps by enp and enps where enp = 2n — 1)n/2
and enps = enp®.

3. Replace the plate aspect ratio by its inverse.

In the case of Solution 1 we obtain, for example (see Egs. (25) and (26)),
Un(Q) = Eq0r1n{cosh f,& + 01, cos y,¢} (33)
and
Va(©) = EnO11n{oa, sinh f,8 + 01,04, sin ,E5 (34)

The reader will have no trouble, therefore, extracting appropriate expressions for the second
building block response, from those of the first, for all three types of solution possible here:

Before moving on to set up the eigenvalue matrix for the symmetric—symmetric family of modes
it is preferable to first obtain solutions for the response of the building blocks utilized in analyzing
the other two mode families.

2.2. The anti-symmetric—anti-symmetric mode family

Free vibration analysis for this mode family, discussed earlier, is achieved by means of the
building blocks represented in Fig. 4. The quarter plate of interest is shown to the left of the figure.
It will be recalled that the plate displacement normal to the &- and x-axis now has an anti-
symmetric distribution with respect to these axes.

Edges & =1, and n = 1, of the first building block are again free of shear stress and the edge
n =1, is driven by a distributed imposed harmonic normal stress.

A Levy-type solution for the first building block can be written as

UCEm =" Unnsinin — D (35)

m=1_2
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Fig. 4. Schematic representation of quarter plate and building blocks utilized in anti-symmetric—anti-symmetric mode
analysis.

and

o0

vEm =3 Valneosim— Dat. (36)

m=1,2
Substituting in the governing differential equations, in a manner identical to that followed in

analysis of the symmetric—symmetric modes, we again arrive at the equilibrium equations (12) and
(13) where now

_ —emp(ae6 + a12)

aee 4

aml = 2 bml — ¢ 5 Cml = A= ayp emps,
i __emp(ayy + aee) _

am = Fa m2 — (p s, Cm2 = 4 — dge €mps,

where emp = (m — 1)x, and emps = emp?.

Again, the quantity V() is governed by Eq. (14) and the three possible solution forms for
Via(n) are as given by Egs. (16)—(18). The principal difference here relates to the solution term
when subscript m equals 1, i.e., emp, b,,1, and b,,;; equal zero. There is then no contribution to the
quantity U, (n) (Eq. (35)). From Eq. (13) we obtain

Vi) + o V() = 0, (37)
where
4,2
o’ = —/1 ¢ .
aj

The solution for Eq. (37) is well known and, since V,,(5) is anti-symmetric about the &-axis, we
have

Vin(n) = Ao sin an. (38)

The amplitude of the dimensionless harmonic driving stress along the edge # = 1 is expressed in
series form as

oy (&) = i E,, cos(m — 1)ré. (39)

m=1,2
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Taking the solution for V,,(n) (Eq. (38)) and enforcing Eq. (39), (m = 1), we obtain,

Vm(n) = E, d)
o COS o

sin o). (40)

The response of the building block to the first driving term is thus completely established.
Turning now to the building block response to driving terms with m > 1, it is seen that we must
proceed in a manner identical to that described for the symmetric-symmetric modes. The only
difference is that now, for each of the three solution forms, terms related to displacement V" and
symmetric about the &-axis must be deleted. Only the results thereby obtained are presented here.
Case 1: Solution 1 applicable

Vm(’?) = Emellm{Sinh an + le Sin ’ymrl}a (41)
Un(n) = E,011m{iom cosh f,,n + 01,03, cos y,n}, (42)
where
|

O1im = - ,
U B/ + v emp or,ulcosh B, + Ol /b + v emp a3,]cos 3,

_ [ﬁmalm - d) emp]Sinh ﬁm
[ymoc3m + d) emp]Sin Ym ’

elm

2
m = ﬂm(amlamZﬂm + a1 — bmlbn12)/cmlbm2:

2
A3m = _Vm(amlamfym — Qi Cp2 + bmlme)/lemea

Case 2: Solution 2 applicable

Vin() = En0Orim{sin f,,n + 0y siny,n} (43)
and
Un(n) = Epn011m{0tm €08 B0 + 01m03m €OS 7,1}, (44)
where
1

9 m — )
! {[ﬁm/(,b + vemp OClm]COS ﬁm + Hlm[’ym/qs +vemp o53)’/!]005' ym}

—(oumpP,, + ¢ emp)sin B,

O1m = , ,
o (OCSme + ¢ emp)SIH ym

2
Am = _ﬁm{amlam2ﬁm — a1y + bmlbm2}/cmlbm2>

L3m = Y A1 A2y — A1 Cond. + Bont by} [ Cont .
Case 3: Solution 3 applicable
Vin() = Ep0Orim{sinh ,n + 01, sinh y,,n} (45)
and
Un(n) = Enb1m{otim cosh f,,(1) + O1mozm cosh y,m}, (46)
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where
1.
{[Bn/ ¢ +vempoylcosh B, + O1u[y,, /b + v emp azp]cosh y,,}

O1im =

 —[oimPy — b emplsinh B,
Y [3m ) — @ emplsinhy,,

2
Oim = ﬂm[amlam2ﬂm + a1 — bmlme]/leme;

2 )
3m = ym[amlam2ym + AnlCm2 — bmlme]/(/mlme-

The solution for the response of the second building block of Fig. 4 is extracted from that of the
first. The procedure to be followed is completely analogous to that described in connection with
the symmetric-symmetric mode analysis.

2.3. The symmetric—anti-symmetric mode family

Free vibration analysis of this mode family is achieved by means of the building blocks
represented in Fig. 5. Focusing on the first building block it is seen that it differs from that
employed in the previous mode study (Fig. 4), only that now terms in the solution for V,,() which
are anti-symmetrically distributed about the &-axis must be deleted. All other quantities are
unchanged. This minor difference is easily implemented. Solutions for the quantities U(&,#) and
V(&,n) are again as given by Eqgs. (33) and (34). It is shown that solutions for these quantities are
as follows.

For the first term in the expansions, m = 1,

_Em¢

V() = — . 47
() = —— —cosomn (47)

For m > 1, the following solutions apply:

Case 1: Solution 1 applicable
Vi) = Enb11m(cosh B, + 01, cos y,,1), (48)
[]m(’/l) = Emellm{OCZm Sil’lh ﬂmn + 01m“4m Sil’l Vmﬂ}, (49)
a_ o 3 > o €_> (e} i»
o [e]

1]
+

t
I

-
—>
>
-
>
—
!
!

Fig. 5. Schematic representation of quarter plate and building blocks utilized in analyzing modes symmetric with
respect to the ¢-axis and anti-symmetric with respect to the n-axis.
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where
1

[Bin/¢ + vemp aoylsinh B, — Ovmly,, /¢ — v emp auplsiny,,’

[ﬂmOQm - ¢ €Wlp]COSh ﬁm
[V %4m — ¢ emp]cos y,, ’

O11m =

Hlm:_

2
om = ﬁm(amlamZﬁm + A1 Cm2 — bmlbm2)/cmlbm2,

2
Agm = Vm(amlam2ym — Am1Cm2 + bmlme)/lebnﬁ-

Case 2: Solution 2 applicable

Vi) = En011m{c0s B + 01 €08 7,15 (50)
and
Un(n) = Epnb11m{00m Sin B0 + O10m siny,,n}, (51)
where
-1

O1im =

{Bn/ & — vemp oylsin B, + O1uly,/d — v emp oulsin y,,

_(OCZmﬁm - d) emp)cos ﬁm
(O(4m’ym - ¢ emp)cos Ym ’

Blm =

2
Oom = ﬁm{amlamZﬂm — a1 Cm2 + bmlme}/cmlme,

2
Olgm = Vm{amlamﬂ}m — ApiCm2 + bmlbn12}/cmlbm2~

Case 3: Solution 3 applicable

Vin(n) = EmO1im{cosh B,n + 01, cosh y,,n} (52)
and
Un(n) = EnO11m{o2m sinh f,,(1) + 010, sinh y,n}, (53)
where
1

0 m = . - . 5
! {[B,./ b + vemp agylsinh B, + Oru[y,,/ ¢ + v emp oy ]sinh y,, }

_ _[OCZmﬁm - QS emp]COSh ﬁm
Im — B
[04mYm — ¢ emp]cosh p,,

2
0om = ﬂm[amlanﬂﬁm + Am1Cm2 — bmlbm2]/cmlbm2a

2
Ogm = ym[amlamﬂ)m + apiCcm — bmlbm2]/cmlbm2-

Finally, we examine the second building block of Fig. 5. It will be obvious that a solution for
this second building block cannot be obtained from that of the first through a transformation of
axes.



D.J. Gorman | Journal of Sound and Vibration 272 (2004) 831-851 845

It is found advantageous here to introduce an intermediate building block from which the
desired solution can be obtained through such a transformation. Consider the first building block
of Fig. 3, utilized in symmetric-symmetric mode analysis. Let us consider the solution for a
building block, identical to this except that the displacement V' is anti-symmetrically distributed
about the &-axis. Such a solution is easily obtained. We let this modified building block act as the
intermediate one. It is seen that the solution is readily transformed to provide the desired solution
for the second building block of Fig. 5.

Solution for the displacements U and V" will be as given by Eqgs. (10) and (11). It is found that
the quantities V,,() and U,,(n) are as follows.

Case 1: Solution 1 applicable

Vin() = Ep011m(sinh B, + 01, siny, n), (54)
Un(m) = E;011m{01m cosh B, + 01,03, cOs 7,1}, (55)
where
P 1.
tm = [ﬁm/d) —vemp alM]COSh ﬂm + Hlm['ym/(ls —vemp OC3W!]COS ’ym,
91 _ [ﬁmalm + (:b emp]Sinh ﬁm
" [’})mo‘3m - (l) emp]sin Ym ’
Am = ﬁm(amlanﬁﬁi + A1 Cm2 — bmlme)/leme,
3m = _ym(amlamﬂ)i — Adm1Cm2 + bmlme)/cmlme'
Case 2: Solution 2 applicable
VM(H) = Emgllm{Sin ﬁmn + Olm sin an} (56)
and
l]m(n) — Emgllm{alm Ccos ﬁm”] + 01,7,0(3,” Ccos Vm’?}, (57)
where
0 — 1
B/ — v emp 11008 By + Oty /b — v emp azlcos 1,
_(almﬁm B (»b emp)sin ﬂm
Glm - - P
(a3mym - ¢) emp)SIH Ym
Oim = _ﬂm{amlamZﬁ?ﬂ — AmiCm2 + bmlme}/cmlme:
o3m = _'Vm{amlamfyfn — Qi Cp2 + bmlbr712}/cm1bn12-
Case 3: Solution 3 applicable
Viu(n) = Epn011,{sinh B,,n + 01, sinh y,,n} (58)
and

U,(n) = E,011m {00, cosh B,n + 01,03, cosh y,,n}, (59)
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where
1

{[ﬁm/(l5 —vemp alm]COSh ﬂm + elm[}/m/Qb —vemp OC3m]COSh Ym},

_[alm ﬁm + (/) emp]sinh ﬁm
[a3m’ym + ¢ €I’}’lp]Sil’lh Vm '

O1im =

le =

2
m = .Bm[amlamLBm + amiCm2 — bmlbm2]/cmlbm2s

2
3m = Vm[amlamZVm + amicmp — bmlme]/leme‘

The solution for the response of the second building block of Fig. 5 is obtained, of course, by
transformation of the above solution according to the rules introduced earlier. Solutions for the
response of all building blocks employed in free in-plane vibration analysis of the completely free
plate are now available.

2.4. Development of the eigenvalue matrix

Eigenvalue matrices for the mode families discussed here are generated in a manner completely
analogous to that followed in analyzing free lateral vibration modes of the same plate [4]. First,
for each mode family the associated pair of building block solutions are superimposed, one-upon-
the-other. Following this operation, driving coefficients appearing in the building block solutions
are so constrained that net normal stresses along the edges, 7 = 1, and £ = 1, are caused to vanish.
This is achieved for each edge by first expanding the contributions toward normal stress, of each
of the building blocks, in an appropriate series of K terms, where K equals the number of terms
utilized in the building block solutions. Following this operation, each of the net coefficients in the
new boundary series, of K terms, is set equal to zero. This results in the generation of a set of K
homogeneous algebraic equations involving the 2K driving coefficients. Since there are two driven
edges, there will be a total of 2K equations relating the 2K unknown coefficients. The coefficient
matrix of the combined set of equations becomes our eigenvalue matrix. A computer search is
made to find those non-zero values of the parameter, /2, which cause the determinant of the
eigenvalue matrix to vanish. These values of A% are our sought-after eigenvalues. With any
eigenvalue established, one of the non-zero driving coefficients associated with this eigenvalue
matrix is set equal to unity. The resulting set of non-homogeneous algebraic equations is then
solved to evaluate the other driving coefficients. Following this step the mode shape associated
with the eigenvalue is plotted.

Here, we briefly describe steps involved in the generation of the eigenvalue matrix for
symmetric—symmetric modes, only. A schematic representation of the matrix, based on three-term
expansions of the building block solutions is provided in Fig. 6. Small inserts to the right of the
figure indicate the boundary condition to be addressed. It is immediately seen to be advantageous
to expand the normal stress contributions of the building blocks toward the edge, # = 1, in a sine
series as utilized in Eq. (24). Focusing now on the contributions toward the first term in the
boundary series, as represented schematically in the first row of elements in the matrix, we note
that the contribution of the first building block is already available in this series. Turning toward
the contribution of the second building block we find that each term in its solution contributes
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}

Fig. 6. Schematic representation of the eigenvalue matrix based on 3-term building block solutions.

toward the first term in the boundary series. These contributions, associated with E,, n =1,2,3,
are easily obtained utilizing standard known integrals and are represented by short dashed lines.
The second and third row of elements in the matrix are established in an identical manner. They
pertain, of course, to the second and third terms in the boundary series. It will be noted that the
upper left quadrant of the matrix is composed of diagonal terms only, each equal to unity.

The lower half of the matrix is generated in an identical fashion. Here, the quadrant with
diagonal terms only, will be on the right hand side. In the case of a square plate it will be found,
for symmetric-symmetric, as well as anti-symmetric—anti-symmetric, mode analysis, that elements
of the lower left quadrant of the matrix are identical to those of the upper right. This will not be
the case when conducting symmetric—anti-symmetric mode analysis. Following the above steps
the eigenvalue matrices are generated for each of the three distinct mode families.

3. Presentation of computed results

The first step to be taken in the analysis at hand is to check convergence rates and decide how
many terms to utilize in the building block solutions. It is also necessary to decide upon how many
significant digits are required in the computed eigenvalues. It was agreed to follow practices
related to lateral plate vibration and compute eigenvalues correct to four significant digits.

In Table 1 computed results are tabulated for the first symmetric—symmetric mode eigenvalue of
in-plane vibration of a square plate. These eigenvalues were computed to five significant digits for
various values of K, the number of terms utilized in the building block solutions. The Poisson
ratio was assigned a value of 0.3 for all computations related to the present paper.

It is seen that there is a very high rate of convergence. Increasing the value of K beyond three
does not change even the fifth digit in the computed eigenvalues. As a result of convergence
behaviour observed in Table 1, as well as findings related to other tests, it was decided to adopt a
value of eleven for the parameter K, for all computed data reported here. This is probably much
higher than that required to obtain four significant digits in the eigenvalues.
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Table 1

Computed eigenvalues vs. K for first symmetric-symmetric mode of square plate (v = 0.3)
K 2? K 2?

3 1.1603 9 1.1603

5 1.1603 11 1.1603

7 1.1603 13 1.1603

Table 2

First four symmetric-symmetric mode eigenvalues computed for completely free square plate

Mode 22

Present Ref. [2]
1 1.160 1.160
2 2.153 1.314
3 2.629 —
4 2.643 —
Table 3

First four anti-symmetric—anti-symmetric mode eigenvalues computed for the completely free square plate

Mode 72

Present Ref. [1]
1 1.314 1.494
2 1.494 1.726
3 1.726 —
4 2.523 —

Tabulated eigenvalues computed for the first four symmetric-symmetric free in-plane vibration
modes of the completely free square plate are presented in Table 2.

Where possible, the present results are compared with those of Bardell et al. [1]. It is seen that
agreement between the two sets of data is excellent. The third mode for a square plate is reported
as being an anti-symmetric—anti-symmetric mode in Ref. [1] with an eigenvalue of 1.314. It is
virtually certain that it is, in fact, a symmetric-symmetric mode as reported here.

Computed ecigenvalues for the first four anti-symmetric—anti-symmetric modes of the square
plate are tabulated in Table 3. Again excellent agreement between the present results and those of
Ref. [1] is obtained.

Computed results related to a study of symmetric—anti-symmetric mode vibration of the
completely free square plate are tabulated in Table 4.

It will be appreciated that each of these computed eigenvalues represent ‘double eigenvalues’.
An additional mode shape, anti-symmetric with respect to the £-axis and symmetric with respect
to the n-axis, is attached to each computed eigenvalue. This is why in Ref. [1] a double eigenvalue
has been uncovered with two distinct mode shapes attached to it. From a computational point of
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Table 4
Computed first four eigenvalues for the completely free square plate™
Mode 22
Present Ref. [1]
1 1.236 1.236
2 1.862 —
3 2.485 —
4 3.050 —

*Modes are symmetric with respect to the £-axis and anti-symmetric with respect to the n-axis.

Table 5
First four symmetric-symmetric mode eigenvalues for completely free rectangular plate, ¢ = 0.5

Mode 22

Present Ref. [1]
1 1.634 1.634
2 2.363 2.363
3 3.428 —
4 3.974 —
Table 6
First four anti-symmetric—anti-symmetric mode eigenvalues for completely free rectangular plate, ¢ = 0.5
Mode 22

Present Ref. [1]
1 1.480 1.480
2 2.604 2.603
3 3.074 —
4 3.298 —

view an advantage of separating out the mode shape families through analyzing the quarter plate,
as is done here, lies in the fact that only distinct eigenvalues are uncovered. There will be a well-
defined crossing of the axis, at each eigenvalue, when the ‘matrix determinant vs. trial eigenvalue’
curve is plotted. Excellent agreement between the two sets of data is again observed.

Eigenvalues have also been computed for a rectangular plate with an aspect ratio, b/a, of 0.5.
Computed eigenvalues for the first four symmetric—symmetric modes of this completely free plate
are tabulated in Table 5. A corresponding set of eigenvalues are presented in Table 6 for the anti-
symmetric—anti-symmetric mode family.

Very good agreement is again obtained between the two sets of data.

Further computed eigenvalues for the same plate of aspect ratio 0.5 are tabulated in Table 7.
The associated mode shapes are either symmetric with respect to the £-axis and anti-symmetric
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Table 7
First four computed eigenvalues for free vibration modes symmetric about the ¢-axis and anti-symmetric about the
n-axis (symbol S-A), or symmetric about the y#-axis and anti-symmetric about the ¢-axis (symbol A-S), ¢ = 0.5

Mode 2 Mode type
Present Ref. [1]

1 0.9779 0.977 S-A

2 2.392 — S-A

3 2.629 — A-S

4 2.685 — A-S

with respect to the n-axis, as discussed earlier, or anti-symmetric with respect to the ¢-axis and
symmetric with respect to the n-axis. It will be appreciated that modes of the second family are easily
analyzed by utilizing the ‘symmetric—anti-symmetric’ mode analysis technique described earlier with
the plate aspect ratio replaced by its inverse. This is what has been done in the present study.
Again, very good agreement between eigenvalues computed here and those of Ref. [1] is
encountered. The only difference of significance relates to the second eigenvalue of Table 7, i.e., the
one related to the first mode, anti-symmetric with respect to the &-axis and symmetric with respect to
the n-axis. This eigenvalue appears not to have been uncovered in the study reported in Ref. [1]

4. Conclusions

As indicated at the beginning, the main purpose of this paper has been to introduce the
superposition method as a means for the obtaining of highly accurate analytical type solutions for
the free in-plane vibration of rectangular plates. The completely free rectangular plate has been
arbitrarily selected as the vehicle for demonstrating this capability.

Proceeding in a manner analogous to that followed in rectangular plate free lateral vibration
analysis, it has been shown that the method lends itself equally well to solution of in-plane
problems. The problem of trying to select functions to represent in-plane displacements is
eliminated. The governing differential equations are satisfied exactly and boundary conditions are
satisfied to any desired degree of accuracy. Convergence is rapid and excellent agreement is
obtained when computed eigenvalues are compared with those obtained earlier by the Rayleigh—
Ritz energy approach.

Demonstration that the superposition method works so well in the solution of in-plane
problems, as is done here, constitutes an important step forward. It will certainly be applicable to
vast families of more complicated in-plane problems such as those related to point supported
plates, plates with in-plane elastic support, and plates with local attached masses, etc. It is hoped
to extend the method to handle such problems in future work.

Appendix. Nomenclature

a,b rectangular plate edge lengths
E Youngs modulus of plate material
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G,y modulus of elasticity in shear of plate material

t time

u,v plate in-plane displacements in x and y directions, respectively
u,v dimensionless displacements U = u/a, V =v/a

X,y rectangular plate co-ordinates

En dimensionless co-ordinates £ = x/a, and y = y/b

plate aspect ratio, b/a
0y, 0y, Ty, normal in-plane stresses in x and y directions and in-plane shear stress, respectively

S

a¥, a’y“, ri‘y dimensionless in-plane normal and shear stresses, defined in text
w circular frequency of plate vibration

0 mass density of plate material

v Poisson ratio of plate material (taken here as 0.3)

22 dimensionless frequency of plate vibration, 2> = coa\/ p(1 —v?)/E
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